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AUSLANDER-REGULAR AND COHEN-MACAULAY QUANTUM
GROUPS
J. GO´MEZ-TORRECILLAS AND F. J. LOBILLO
Let Uq(C) be the quantum group or quantized enveloping algebra in the sense of [6, 7]
associated to a Cartan matrix C. A relevant property of Uq(C) is that it can be endowed
with a multi-filtration such that the associated multi-graded algebra is an easy localization
of the coordinate ring of a quantum affine space [7, Proposition 10.1]. Thus, it is not
surprising if we claim that Uq(C) is an Auslander-regular and Cohen-Macaulay algebra
(see, e.g., [2] for these notions). However, when one tries to construct a mathematically
sound argument to prove this, one realizes that there are not ready-to-use results for this
in the literature. Here we use re-filtering methods (see Theorem 1) similar to that in [5]
and [4] to prove, in conjunction with results from [2] and [14], that certain types of multi-
filtered algebras are Auslander-regular and Cohen-Macaulay (Theorem 3). This is applied
to obtain that Uq(C) is Auslander-regular and Cohen-Macaulay.
In this note, K denotes a commutative ring and Nn is the free abelian monoid with n
generators ǫ1, . . . , ǫn. The elements in N
n are vectors α = (α1, . . . , αn) with non-negative
integer entries. An admissible order  on Nn is a total order compatible with the sum
in Nn and such that 0  α for every α ∈ Nn. In this way, Nn becomes a well-ordered
monoid. A fundamental example of admissible order on Nn is the lexicographical order
≤lex with ǫ1 <lex · · · <lex ǫn. Every vector w with strictly positive entries gives an example
of admissible order 
w
by putting
α 
w
β ⇐⇒
{
〈w, α〉 < 〈w, β〉 or
〈w, α〉 = 〈w, β〉 and α ≤lex β
(1)
where 〈−,−〉 denotes the usual dot product in Rn.
An (Nn,)–filtration on a K–algebra R is a family F = {Fα(R) | α ∈ N
n} of K–
submodules of R such that
1. Fα(R) ⊆ Fβ(R) for all α  β ∈ N
n.
2. Fα(R)Fβ(R) ⊆ Fα+β(R) for all α, β ∈ N
n.
3.
⋃
α∈Nn Fα(R) = R.
4. 1 ∈ F0(R).
The associated Nn–graded algebra is given by GF (R) =
⊕
α∈Nn G
F
α (R), where G
F
α (R) =
Fα(R)/F
−
α (R) and F
−
α (R) =
⋃
β≺α Fβ(R). Further details can be found in [9]. The multi-
degree of a nonzero element r ∈ R is defined as mdeg(r) = min{α ∈ Nn | r ∈ Fα(R)}.
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When n = 1, the only admissible order is the usual one and multi-filtrations are just
positive filtrations. In this case, the associated graded algebra will be denoted by gr(R).
We will use extensively the following terminology: Let Λ be a subalgebra of an algebra
R, and let x1, . . . , xn be elements in R. A standard monomial in x1, . . . , xn is an expression
xα = xα11 . . . x
αn
n , where α = (α1, . . . , αn) ∈ N
n. Assume that an element r ∈ R can be
written in the form
r =
∑
α∈Nn
rαx
α (rα ∈ Λ)(2)
The expression (2) is called a (left) standard representation of r. We will often refer as
(left) polynomials to the elements of R having a standard representation.
Theorem 1. Let Λ be a left noetherian subalgebra of a K–algebra R, let s be a positive
integer and let qji ∈ Λ for 1 6 i < j 6 s. The following statements are equivalent
(i) There is an admissible order  on some Nn and an (Nn,)–filtration F = {Fα(R) | α ∈
Nn} on R such that F0(R) = Λ, every Fα(R) is finitely generated as a left Λ–module
and GF (R) = Λ[y1; σ1] . . . [ys; σs] is an N
n–graded iterated Ore extension for some
homogeneous elements y1, . . . , ys such that σj(yi) = qjiyi for every 1 6 i < j 6 s.
(ii) There is an N–filtration {Rn | n ∈ N} on R such that R0 = Λ, every Rn is finitely
generated as a left Λ–module and gr(R) = Λ[y1; σ1] . . . [ys; σs] is an N–graded iterated
Ore extension for some homogeneous elements y1, . . . , ys such that σj(yi) = qjiyi for
every 1 6 i < j 6 s.
(iii) There are elements x1, . . . , xs ∈ R, an admissible order 
′ on Ns, and finite subsets
Γji,Γk ⊆ N
s for 1 6 i < j 6 s, 1 6 k 6 s with max′ Γji ≺
′ ǫi+ ǫj and max′ Γk ≺
′ ǫk
such that {xα | α ∈ Ns} is a basis of R as a left Λ–module and xjxi = qjixixj +∑
α∈Γji
cαx
α and for all a ∈ Λ, xka = a
(k)xk +
∑
α∈Γi
cαx
α.
Proof. (i) implies (iii). Let αi ∈ N
n denote the multi-degree of yi for 1 6 i 6 s. Clearly,
{yγ | γ ∈ Ns} is a basis of GF (R) as a left Λ–module. Thus, given r ∈ R, the homogeneous
element r + F−mdeg(r)(R) ∈ G
F (R) has a unique representation as homogeneous standard
left polynomial in y1, . . . , ys with coefficients in Λ. Thus,
r + F−mdeg(r)(R) =
∑
γ1α1+···+γsαs=mdeg(r)
cγy
γ ,(3)
where the cγ’s are in Λ. Choose, for each i = 1, . . . , s, an element xi ∈ Fαi(R) such that
yi = xi + F
−
αi
(R). Let M denote the s × n matrix whose rows are α1, . . . , αs. Write the
equality (3) as
r + F−mdeg(r)(R) =
∑
γM=mdeg(r)
cγx
γ + F−mdeg(r)(R)(4)
Therefore, we can prove by induction on mdeg(r) that
r =
∑
γMmdeg(r)
aγx
γ ,(5)
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where aγ ∈ Λ. To deduce that {x
γ | γ ∈ Ns} is a basis for ΛR we only need to check the
linear independence. Given a relation∑
γMα
aγx
γ = 0,(6)
we proceed by induction on α. The relation (6) can be written as∑
γM=α
aγx
γ +
∑
γM≺α
aγx
γ = 0(7)
which, in GF (R), gives ∑
γM=α
aγy
γ = 0
As the monomials yγ are Λ–linearly independent, we have that aγ = 0 for γM = α. The
remaining coefficients are zero by induction in view of (7).
Let a ∈ Λ and i ∈ {1, . . . , s}. Since GF0 (R) = F0(R) = Λ and yia = σi(a)yi we get σi(a)
has degree 0, i.e., σi(a) ∈ Λ. Write a
(i) = σi(a). Then
0 = yia− a
(i)yi = (xia− a
(i)xi) + F
−
αi
(R)(8)
Since Λ is left noetherian and Fαi(R) is finitely generated as a left Λ–module, we have that
F−αi(R) is a noetherian left Λ–module. Thus, we deduce from (8), in conjunction with (5),
that
xia = a
(i)xi +
∑
γ∈Γi
aγx
γ,(9)
for some aγ ∈ Λ, where Γi is a finite subset of N
s such that γM ≺ αi for every γ ∈ Γi. On
the other hand, for 1 ≤ i < j ≤ s, we have
0 = yjyi − qjiyiyj
= (xj + F
−
αj
(R))(xi + F
−
αi
(R))− qji(xi + F
−
αi
(R))(xj + F
−
αj
(R))
= (xjxi − qjixixj) + F
−
αi+αj
(R),
which entails, by (5),
xjxi − qjixixj =
∑
γ∈Γij
aγx
γ ,(10)
where Γij is a finite subset of N
s such that γM ≺ αi + αj for every γ ∈ Γij . Let 
′ be the
admissible order on Ns defined by
γ ′ µ ⇐⇒
{
γM ≺ µM or
γM = µM and γ ≤lex µ
(11)
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Since αi = ǫiM for every i = 1, . . . , s, the relations (9) and (10) can be written as
xia− a
(i)xi =
∑
γ≺′ǫi
γ∈Γi
aγx
γ(12)
and
xjxi − qjixixj =
∑
γ≺′ǫi+ǫj
γ∈Γij
aγx
γ,(13)
which gives (iii).
(iii) implies (ii). First, notice that, by hypothesis, the relations (12) and (13) are satisfied.
Let
C = {0} ∪
( ⋃
1≤i≤s
Ci
)
∪
( ⋃
1≤i<j≤s
Cij
)
,
where Ci = Γi − ǫi and Cij = Γij − ǫi − ǫj . Clearly C is a finite subset of Z
s whose
maximum with respect to  is 0. By [5, Corollary 2.2] (see also [15] and [17]), there is
w = (w1, . . . , ws) ∈ N
s
+ such that 〈w, α〉 < 0 for every α ∈ C. This implies that the
relations (12) and (13) can be written as
xia− a
(i)xi =
∑
〈w,γ〉<wi
aγx
γ(14)
and
xjxi − qjixixj =
∑
〈w,γ〉<wi+wj
aγx
γ(15)
By [5, Proposition 1.13], the family {Hα(R) | α ∈ N
s} where Hα(R) is the left Λ–module
generated by the set {xβ | β 
w
α}, is an (Ns,
w
)–filtration on R. Since w has no zero
component, it follows that Hα(R) is finitely generated as a left Λ–module for every α. For
each n ∈ N, define Rn =
⋃
〈w,α〉6nHα(R), which is a finitely generated left Λ–module.
A straightforward verification shows that {Rn | n ∈ N} is a filtration on R. Clearly,
Rn =
∑
〈w,α〉6n Λx
α for every α ∈ Ns. Finally, let yi = xi + Rwi−1 for 1 6 i < j 6 s.
By (14) and (15), xia = a
(i)xi for every a ∈ Λ and xjxi = qjixixj . Moreover, since the
monomials xα are Λ–linearly independent, it follows that {yα | α ∈ Ns} is a left Λ–basis
for gr(R). It follows from [11, 2.1.(iii)] that
gr(R) ∼= Λ[y1; σ1] · · · [ys; σs]
Finally, (ii) implies (i) obviously.
In the following corollary, K0(R) denotes the Grothendieck group of R. Of course, the
corollary says something new for rings satisfying (i) or (iii) in Theorem 1.
Corollary 2. Assume R satisfies one (and then all) of the equivalent conditions of Theo-
rem 1. Suppose, in addition, that Λ is right noetherian, qji is a unit of Λ for 1 ≤ i < j ≤ s
and that σi is an automorphism of Λ for i = 1, . . . , s.
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1. If every cyclic right Λ–module has finite projective dimension, then K0(Λ) ∼= K0(R).
2. If Λ is Auslander-regular then R Auslander-regular.
Proof. The first statement is a consequence of [12, Theorem 12.6.13]. If Λ is Auslander-
regular, then, by [8, Theorem 4.2], gr(R) = Λ[y1; σ1] · · · [ys; σs] is Auslander-regular. The
result follows now from [2, Theorem 3.9].
Theorem 3. Assume that R is an algebra over a field k satisfying one (and then all) of
the equivalent conditions of Theorem 1. Suppose, in addition, that
(a) The scalars qji are units of k and the endomorphisms σi : Λ→ Λ are automorphisms.
(b) Λ is generated as an algebra by elements z1, . . . , zt such that the standard filtration Λn
obtained by giving degree 1 to each zi satisfies that gr(Λ) = ⊕n>0Λn/Λn−1 is a finitely
presented and noetherian algebra over k.
(c) σi(Λ1) ⊆ Λ1, for i = 1, . . . , s.
(d) either gr(Λ) or Λ[y1; σ1] · · · [ys; σs] is an Auslander-regular and Cohen-Macaulay alge-
bra.
Then R is an Auslander-regular and Cohen-Macaulay algebra.
Proof. Let Rn be the filtration on R given by Theorem 1 with gr(R) = Λ[y1; σ1] · · · [ys; σs].
Since σi(Λ1) ⊆ Λ1 for every i = 1, . . . , s and the filtration Λn is standard, we get that
yiΛn ⊆ Λnyi for every i = 1, . . . , s and every n > 0. Therefore, Λ ⊆ Λ[y1; σ1] · · · [ys; σs] is
a 
w
–bounded extension of Λ in the sense of [5, Definition 1.8]. Here, w = (w1, . . . , ws)
with wi = deg(yi), i = 1, . . . , s. Let  be the admissible order defined by
(i, α)  (j, β) ⇐⇒
{
α ≺
w
β or
α = β and i ≤ j
Write H(i, α) =
∑
(j,β)(i,α) Λjy
β. By [5, Proposition 1.13], these vector subspaces form a
(Ns+1,)–filtration for grR. Let gr(R)(n) =
∑
i+〈w,α〉≤n Λiy
α. Since
gr(R)(n) =
⋃
〈(1,w),(i,α)〉
H(i,α),
it follows that {gr(R)(n) | n ∈ N} is a filtration on gr(R). Moreover, the inclusion
Λ ⊆ gr(R) is a strict filtered morphism, hence gr(Λ) can be viewed as a subalgebra of
gr(gr(R)). Therefore, gr(gr(R)) ∼= gr(Λ)[y1; σ1] · · · [ys; σs]. Here, σi denotes the graded au-
tomorphism induced by the homonymous filtered automorphism of Λ[y1; σ1] · · · [yi−1; σi−1].
Since gr(Λ) is a finitely presented and noetherian algebra, we see that gr(gr(R)) enjoys
the same properties. Thus, the filtration Rn satisfies the hypotheses of [14, Theorem 1.3].
Now every finitely generated left R–module is endowed with a filtration such that gr(M)
is finitely generated. By [14, Theorem 1.3], GKdim(M) = GKdim(gr(M)). In particular,
GKdim(R) = GKdim(gr(R)). On the other hand, from the proof of [2, Theorem 3.9]
we obtain that jR(M) = jgr(R)(gr(M)). If we assume that gr(R) = Λ[y1; σ1] · · · [ys; σs] is
Cohen-Macaulay, then
GKdim(R) = GKdim(gr(R)) = jgr(R)(gr(M)) + GKdim(gr(M)) = jR(M) + GKdim(M),
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whence R is Cohen-Macaulay too.
Lastly, if gr(Λ) is Cohen-Macaulay, then gr(gr(R)) satisfies the hypotheses of [16, Lemma],
which implies that it is Cohen-Macaulay. Since the filtration gr(R)(n) is finite-dimensional,
we obtain that gr(R) is Cohen-Macaulay. Thus, R is Cohen-Macaulay by the foregoing
argument.
If Q = (qij) is a multiplicatively anti-symmetric s × s matrix with coefficients in k,
the coordinate ring of the quantum affine space OQ(k
s) = kQ[x1, . . . , xs] is the k–algebra
generated by x1, . . . , xs subject to the relations xjxi = qjixixj .
For our purposes, we are interested in certain localizations of OQ(k
s). Thus, consider
some of the variables which, for simplicity, we assume to be x1, . . . xt with t 6 s. Since
x1, . . . , xt are normal elements, they generate a multiplicatively closed Ore set, so that we
can construct the localized algebra
kQ[x
±1
1 , . . . , x
±1
t , xt+1, . . . , xs]
Although the following proposition should be well-known, we have not found a precise
reference.
Proposition 4. The algebra A = kQ[x
±1
1 , . . . , x
±1
t , xt+1, . . . , xs] is Auslander-regular and
Cohen-Macaulay.
Proof. Clearly, A is an iterated Ore extension of a McConnell-Pettit algebra, whence its
global homological dimension is finite by [13, 3.1] and [8, Theorem 4.2]. On the other hand,
kQ[x1, . . . , xt, xt+1, . . . , xs]
is Auslander-regular and Cohen-Macaulay (see, e.g., [10, Theorem 3.5]). By [1, Proposition
2.1], A satisfies the Auslander condition. Since the multiplicative set generated by x1, . . . , xt
consists of monomials, which are local normal elements, we have, by [1, Theorem 2.4], that
our algebra A is Cohen-Macaulay.
Theorem 5. The quantized enveloping C(q)–algebra Uq(C) associated to a Cartan matrix
C is Auslander-regular and Cohen-Macaulay.
Proof. Accordingly with [7, Proposition 10.1], U = Uq(C) is endowed with a (N
n,)–
filtration {Fα(U) | α ∈ N
n} for some n and a lexicographical order  in such a way that
the multi-graded associated algebra GF (U) ∼= C(q)Q[x
±1
1 , . . . , x
±1
t , xt+1, . . . , xs] for a certain
multiplicatively anti-symmetric matrix Q. By Proposition 4, GF (U) is Auslander-regular
and Cohen-Macaulay. Moreover, F0(U) = C(q)[z
±1
1 , . . . , z
±1
t ], a commutative Laurent poly-
nomial ring. Filter F0(U) with the standard filtration obtained by giving degree 1 to z
±1
i
(i = 1, . . . , t). Then gr(F0(U)) is a factor algebra of the commutative polynomial ring in
2t variables with coefficients in C(q). In particular, it is finitely presented and noetherian.
Therefore, the hypotheses of Theorem 3 are fulfilled and, hence, Uq(C) is Auslander-regular
and Cohen-Macaulay.
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Remark 6. In [3, Proposition 2.2] it is shown that Uq(C) is Auslander-regular. It is also
proved [3, Theorem 2.3] that Uq(C) is Cohen-Macaulay with respect to the Krull dimension
in case q is a root of unity..
Remark 7. The normal separation of the prime spectrum of Uq(C) would imply in view of
Theorem 4 and [10, Theorem 1.6] that Uq(C) is catenary. However, the (classical) universal
enveloping algebras are not normally separated in general. So, as the referee pointed out,
it is interesting to know if Uq(C) does not really enjoy this property and why.
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